and smoothing. The operator algebra provides a highlevel framework for describing the dynamic and kinematic behavior of a manipulator and for control and trajectory design algorithms. The interpretation of expressions within the algebraic framework leads to enhanced conceptual and physical understanding of manipulator dynamics and kinematics. Furthermore, implementable recursive algorithms can be immediately derived from the abstract operator expressions by inspection. Thus the transition from an abstract problem formulation and solution to the detailed mechanization of specific algorithms is greatly simplified.
Introduction: A Spatial Operator Algebra
A new approach to the modeling and analysis of systems of rigid bodies interacting among themselves and their environment has recently been developed in Rodriguez (1987a) and Rodriguez and Kreutz (1990b) . This work develops a framework for clearly understanding issues relating to the kinematics, dynamics, and control of manipulators in dynamic interaction with each other, while keeping the complexity involved in analyzing such systems to manageable proportions.
The analysis given in Rodriguez (1987a) and Rodriguez and Compositions of spatial operators, when allowed to operate on functions of the joint velocities and accelerations, result in the dynamic equations of motion that arise from a Lagrangian analysis. The fact that the operators have equivalent recursive algorithms is a generalization of the well-known equivalence [described in Silver (1982) ] between the Lagrangian and recursive Newton-Euler approaches to manipulator dynamics. The operator-based formulation of robot dynamics leads to an integration of these two approaches, so that analytic expressions can be shown to almost always have implicit, and obvious, recursive equivalents that are straightforward to mechanize.
The essential ingredients of the operator algebra are the operations of addition and multiplication (Roman 1975; Rudin 1973 (Rodriguez 1989c) .
To illustrate the use of the spatial operators, several applications of the algebra to robotics will be presented: (1) Khatib (1985) Rodriguez (1987a) and Rodriguez and increases from the tip to the base, unlike the numbering convention described in most robotics textbooks such as Craig (1986 (Craig 1986) The key points to note here are that J and J* have operator factorizations that have immediate physical interpretations and obvious recursive algorithmic equivalents. Working with the factorized version of J, one can manipulate expressions involving J in new ways while maintaining the physical insight provided by the factors and the ability to produce equivalent recursive algorithms at key steps of a calculation. For example, using the techniques of the spatial operator algebra, one can find algorithms for efficient recursive construction of J, JJ*, J&dquo;J, and (when an arm is nonredundant and nonsingular) (J*J)-' (see Rodriguez and Scheid 1987) .
3. An Operator-Formulated Robot Dynamics
Consider the following equations of motion for an nlink serial manipulator in a gravity-free environment with the tip imparting a spatial force f (0) (2) (Silver 1982) and justifies the use of the terminology Newton-Euler factorization for eq. (3).
The factorizations given by eqs. (3)- (5) Rodriguez and Kreutz (1990a) for computing the operational space inertia matrix A of Khatib (1985) ]. Knowledge of A, together with the operational space Coriolis, centrifugal, and gravity terms, enables the use of operational space control-a form of feedback linearizing control described in Khatib (1985) . The Figure 1~ . For simplicity, assume that the base is immobile. This assumption results in no real loss of generality (24) and (25) that Similarly, Then, from the boundary condition constraint in eq. (22) As discussed previously, A; ' and A2 ' can be found via 0(nl) and 0(n2) recursive algorithms, respectively. Noting that the inversion of Aj ' E ~6&dquo;~ 6 involves a flat cost independent of n, and n~, we see that we have produced an O(n, + n,) recursive algorithm for finding the forward dynamics of the system of Figure lA . A,. is the effective inertia of the closed-chain system reflected to point c.
For additional applications of the spatial operator algebra similar to those of this section, see Rodriguez and Scheid (1987) and Rodriguez and Kreutz (1990a) . In Rodriguez and Scheid (1987) Kreutz and Lokshin (1988) and Kreutz and Wen (1988) , both from the control and the modeling perspectives. In these references, several alternative representations for the dynamic equations describing this case are derived. An important quantity for understanding the behavior of a closed-chain system is seen to be the effective inertia matrix, which is just the natural generalization of the Khatib operational space inertia matrix for a single serial link arm. As our closed-chain example has shown, a key step in obtaining the effective inertia matrix is understanding how a new effective inertia is formed when a single arm grasps an object, which may be a simple single rigid body or a complex multibody mechanism. The solution is best obtained not by recomputing the effective inertia for the new armobject system from scratch, but by including the effect of the object as an incremental change to the solution of the dynamics problem. To add the effect of the object, one first computes the contact forces at the points of contact between the arm and the object. This is achieved by an approach that is analogous to combining two distinct state estimates, each of which has a built-in error with a known &dquo;covariance&dquo; (i.e., articulated body inertia) (Rodriguez 1989b) . This perspective enables the generation of efficient recursive algorithms for computing the effective inertia of a system of several arms grasping a common object that is of complexity D(n) + 0(l), when no arm is at a kinematic singularity. More generally, 0(n) + O(l3) algorithms can be developed where n is the total number of links in the system and I is the number of.arms grasping the object ).
For the model of several rigid-link serial arms grasping a common object to be well posed (in the sense that unique system accelerations and unique contact forces result for given applied joint moments), it can be shown that the inverse of the effective inertia must be full rank. This enables the determination of unique contact forces, which in turn are sufficient for computing accelerations. It is important that this full-rank condition be satisfied everywhere in the work space if a dynamic simulation is to be well posed for all possible motions. In Rodriguez, Milman, and Kreutz (1988) Recently new forms of manipulator control laws have been derived via the use of Lyapunov stability theory . Work is underway to extend these results to the closed-chain case (see Rodriguez, Jain, and Kreutz (1989) ; and for flexible manipulators, in Rodriguez ( 1990b) . Other application areas include motion and force planning for manipulators (Rodriguez 1989c) ; algorithms for manipulators with gear-driven joints ; computation of robot linearized robot dynamics models ; operational space control (Kreutz et al. 1990 ); and as a unifying framework for multibody dynamics (Jain 1990) .
One of the most important features of the spatial operator algebra is that it is easy 
